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Proof theory and model theory

I Proof theory
I Proofs or formal deductions
I Syntactic transitions from sentences to sentences
I no interpretation of symbols or “meanings”

I Model theory
I Interpretations of a language
I Semantic notions of “truth” and “consequence”
I Interpretations take the form of set-theoretic structures

∀xFx ` Fa ∀xFx |= Fa
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Completeness and soundness

Kurt Gödel’s 1929 completeness theorem establishes a cor-
respondence between the model-theoretic notion of semantic
truth and the proof theoretic notion of syntactic provability
in first-order logic.

Completeness and soundness: A formula is logically valid iff it is
the conclusion of a formal deduction.
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True or false in the model?

Model:

U: {0, 1, 2}
F: {0}
G: {1}
a: 0
b: 1

∀x(Fb ∧ Gx) is false in the model
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Validity for monadic predicate calculus

An argument of L3 is valid iff all models that make the
premises true also a make the conclusion true.
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(∀xGx → P) ∴ ∀x(Gx → P)

Construct a countermodel.

U:

{0, 1}

G:

{0}

P:

F
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Countermodelling strategies

I Build up the countermodel a piece at a time

I Guided by what is needed to make the premises true and
conclusion false.

I Start by building what is needed to make the conclusion false,
then work on making the premises true
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∀x¬(Fx ↔ Hx). ∃x(Hx ∧ Gx). ∃x(Hx ∧ ¬Gx) ∴ ∀x(Fx → Gx)

U: {0
F: {0
G: { [not 0]
H:

To make the conclusion false there must be something that ‘F’
is true of but ‘G’ is not.
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The first premise says whatever there is in the universe, ‘F’
and ‘H’ must disagree about it. Since ‘F’ is true of 0, ‘H’ must
not be.
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∀x¬(Fx ↔ Hx). ∃x(Hx ∧ Gx). ∃x(Hx ∧ ¬Gx) ∴ ∀x(Fx → Gx)

U: {0
F: {0
G: { [not 0]
H: { [not 0]

The second premise: ‘G’ and ‘H’ are both true of something.
It can’t be 0, so let it be 1.
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∀x¬(Fx ↔ Hx). ∃x(Hx ∧ Gx). ∃x(Hx ∧ ¬Gx) ∴ ∀x(Fx → Gx)

U: {0, 1
F: {0
G: {1 [not 0]
H: {1 [not 0]

The third premise: there is something that ‘H‘ is true of which
‘G’ is not true of. It can’t be 0 because ‘H’ cannot be true of
0. It can’t be 1 because ‘G’ is true of 1. So there must be a
third thing, let it be 2.
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∀x¬(Fx ↔ Hx). ∃x(Hx ∧ Gx). ∃x(Hx ∧ ¬Gx) ∴ ∀x(Fx → Gx)

U: {0, 1, 2}
F: {0}
G: {1}
H: {1, 2}

On this model all the premises are true and the conclusion is false,
so it is a countermodel that demonstrates its invalidity.
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Construct a countermodel

(∀xFx ∨ Ga) → P ∴ ∀x((Fx ∨ Ga) → P)

U: {0, 1}
F: {0}
G: {}
a: 0
P: F
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Gödel
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