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“A deduction is speech in which, certain things having been
supposed, something different from those supposed results of
necessity because of their being so.” (Aristotle)

Aristotle (384-322 BCE)
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Validity

An argument is valid if, and only if, there is no logically
possible situation in which all of its premises are true
and its conclusion false.

An argument is tautologically valid if and only if there is
no assignment of truth values to its atomic parts which
make the premises all true and the conclusion false.
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∀xFx ∴ Fa

T F/T

I This argument is certainly valid even though it is not
tautologically valid.

I Its validity is due to something in addition to how it is built
up with truth-functional connectives.

An argument is valid if, and only if, there is no logically
possible situation in which all of its premises are true and
its conclusion false.
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I What do we need to interpret the language?

I What are situations that our language talks about like?

I The meanings of sentence letters

I The meanings of names

I The meanings of predicates
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L3 models

L3 models specify the following:

I Universe U: a nonempty set of individuals

I Extensions for predicates (A, . . . ,O): subsets of U

I Extensions for names (a, . . . , h): elements of U

I Extensions for sentences (P, . . . ,Z ) : either T or F (or t, f )
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Validity for monadic predicate calculus

An argument is valid iff there is no logically possible situ-
ation in which all of its premises are true and its conclusion
false.

An argument of L3 is valid iff all L3 models that make the
premises true also a make the conclusion true.
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Invalidity and countermodels

An argument of L3 is invalid iff there is a L3 model that it
makes the premises true and the conclusion false.

A model that demonstrates the invalidity of an argument is
called a countermodel (or counterexample) for the argu-
ment.
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Example

I ∃x(triangle(x))

I ∀x(triangle(x) → black(x))

I ∃x(¬black(x))

I ∴ ∀x(black(x) → triangle(x))

There are three things (N,♣,3). The first is a triangle; the others
are not. The first and the second are black; the third is not.

Countermodel:

Universe: {N,♣,3}
triangle: {N}
black: {N,♣}
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Example, continued

∃x(triangle(x)). ∀x(triangle(x) → black(x)). ∃x(¬black(x))

∴ ∀x(black(x) → triangle(x))

Countermodel:

Universe: {N,♣,3}
triangle: {N}
black: {N,♣}

I Relative to this model the premises are all true and the conclusion is
false

I Premise 1 is true, since there is something in the universe that is a
triangle: N

I Premise 2 is true, since everything that is a triangle is also black.

I Premise 3 is true since there is something that isn’t black: 3.

I The conclusion is false because not everything that is black is a
triangle—♣ is black but not a triangle.
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Models and individuals

I It doesn’t matter at all what the things in our universes are.

I They could be bananas, or donkeys, or clouds, but for
specificity, it is often convenient to use integers

I So we will construct a countermodel for the argument above
as follows:

Countermodel:

Universe: {0, 1, 2}
triangle: {0}
black: {0, 1}

∃x(triangle(x)). ∀x(triangle(x) → black(x)). ∃x(¬black(x))

∴ ∀x(black(x) → triangle(x))
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Truth in a model

Model:

U: {0, 1}
F: {0, 1}
G: {}
a: 0
b: 0

Fb is true in the model
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Truth in a model

Model:

U: {0, 1}
F: {0, 1}
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Truth in a model

Model:

U: {0, 1}
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G: {}
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∀y(Fy ↔ Gy) is false in the model
((F0 ↔ G0) ∧ (F1 ↔ G1))
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Expansions

I ‘∀xFx ’ says that everything in the universe is F

I Assume the universe is U: {0, 1, 2, 3, 4}
I ‘∀xFx ’ says: F0 ∧ F1 ∧ F2 ∧ F3 ∧ F4

I ‘∃xFx ’ says that something in the universe is F

I Assume the universe is U: {0, 1, 2, 3, 4}
I ‘∃xFx ’ says: F0 ∨ F1 ∨ F2 ∨ F3 ∨ F4
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Truth in a model

Model:

U: {0, 1}
F: {0, 1}
G: {}
a: 0
b: 0

∀x∃y(Fy → Gx) is false in the model

∃y(Fy → G0) ∧ ∃y(Fy → G1)

((F0 → G0) ∨ (F1 → G0)) ∧ ((F0 → G1) ∨ (F1 → G1))
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(∀xFx → P) ∴ ∀x(Fx → P)

Construct a countermodel.
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