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Gottlob Frege (1848–1925)

Frege was a German mathematician, logician, and philosopher

“the founder of modern logic”
“the father of analytic philosophy”

Concerned with the the foundations of mathematics and the source of
our mathematical knowledge
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Logicism

Logicism: all mathematical truths are reducible to truths of logic

Investigation into the relationship between logic and mathematics

Frege was led to develop a novel logical system—the modern
predicate calculus

major advance over the logic of Aristotle
a new analysis of quantified sentences (‘all’, ‘some’, etc.)
formal notion of a “proof”
proto set theory and proto lambda calculus

∀ ∃ λ
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Begriffsschrift

Begriffsschrift 1879

“Concept-notation” (or
“Ideography”)

A formula language of pure
thought, modelled upon that of
arithmetic
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[Die Grundlagen der Arithmetik 1884; Grundgesetze der Arithmetik 1893/1903]
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The investigations into mathematics and logic also led Frege to develop a
substantial philosophy of language and theory of semantic content.

“formula language of pure thought”

7 / 63

7 / 63



What is the meaning of a name like ‘Thomas Hobbes’?

Does a name signify an idea (of a thing) or the thing itself.

“Seeing that names ordered in speech (as is defined) are signs of our conceptions,
they are obviously not signs of the things themselves. ‘The sound of the word
stone is the sign of a stone’ is true only if it means that the hearer gathers that
the speaker is thinking of a stone.” [Hobbes]
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“When I say ‘The sun causes daylight’ I don’t mean that my idea of the sun
causes in me the idea of daylight; I mean that a certain physical fact (the sun’s
presence) causes another physical fact, namely daylight.” [JS Mill]
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Reference

One of the most salient properties of words is that they refer to
things in our environment

‘Theaetetus’ refers to the Greek mathematician Theaetetus
‘the inventor of bifocals’ refers to Benjamin Franklin

Reference is how language hooks onto the world—how language is
about certain aspects of the world

Reference relates the word and the world
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What is the meaning of a name like ‘Julius Caesar’?

What is the name about?

A certain man, namely Julius Caesar
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The meaning of singular terms

Singular terms (“eigennamen”)

‘Aristotle’
‘London’
‘the author of Waverley’
‘the capital of France’
‘the smallest prime number’
‘5+12’

The meanings of singular terms are things in the world they refer to

Essentially, Frege’s view in Begriffsschrift (1879)
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“Proper names are not connotative: they don’t indicate or imply anything about
the attributes of the individuals who bear them. When we name a child ‘Paul’ or
a dog ‘Caesar’, these names are simply marks enabling us to say things about
those individuals. We presumably had some reason for our selection of a name for
a given individual, but the name it has been given it is independent of the
reason.. . . A town may have been named ‘Dartmouth’ because it is at the mouth
of the river Dart, but its name doesn’t mean that. If an earthquake changed the
river’s course, putting a distance between it and the town, the town’s name would
not have to be changed. . . . A proper name is attached to the object itself, and
doesn’t depend on the continuance of any attribute of the object.” [JS Mill, ‘Of
names’]
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Über Sinn und Bedeutung 1892

“No paragraph has been more important for the philosophy of language in the
twentieth century than the first paragraph of Frege’s 1892 Über Sinn und
Bedeutung ’” – John Perry
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X = the intersection of a and b
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Y = the intersection of b and c
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Does X=Y?
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X=Y
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The puzzle

“Identity gives rise to challenging questions which are not altogether easy to
answer. Is it a relation? A relation between objects, or between names or signs of
objects? . . . if we were to regard identity as a relation between that which the
names ‘X’ and ‘Y’ designate, it would seem that ‘X=Y’ could not differ from
‘X=X’. A relation would thereby be expressed of a thing to itself, and indeed one
in which each thing stands to itself but to no other thing.”

• X=X is obvious

• X=Y isn’t obvious
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The metalingusitic account

“What we apparently want to state by ‘X=Y’ is that the signs or names ‘X’ and
‘Y’ refer to the same thing, so that those signs themselves would be under
discussion.”

• ‘X=Y’ means: ‘X’ and ‘Y’ co-refer

• cf. Begriffsschrift § 8
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against the metalinguistic account

In S&R Frege rejects the metalinguistic account

“. . . the sentence ‘X=Y’ would no longer be concerned with the subject matter,
but only with its mode of designation; we would express no proper knowledge by
its means. But in many cases this is just what we want to do.”

metalinguisitic knowledge about words, not about the world

discovering that X=Y involves discovering that the point of
intersection of a and b is coincident with the point of intersection of
b and c—not merely the arbitrary fact that the symbols ‘X’ and ‘Y’
co-refer.
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Is the Morning Star identical to the Evening Star?

Pythagorus is often credited with the discovery via observation and
geometrical calculation that the Morning Star is one and the same as
the Evening Star.

An astronomical discovery, not a metalinguistic one
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The role of identity

Frege says “Identity gives rise to challenging question...”

but the puzzle doesn’t essentially rely on identity statements

so the metalinguistic analysis of identity statements doesn’t solve the
general problem

“If the Morning Star is visible, then the Morning Star is visible”
“If the Morning Star is visible, then the Evening Star is visible”

“The Morning Star is the same size as the Morning Star”
“The Morning Star is the same size as the Evening Star”
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(1) The Morning Star = The Morning Star

(2) The Morning Star = The Evening Star

(1) and (2) are “statements of differing cognitive value”

(1) “holds a priori and, according to Kant, is to be labeled analytic”

(2) is “valuable extension of our knowledge” and “cannot. . . be
established a priori”
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Sense

“It is natural, now, to think of there being connected with a sign. . . , besides that
which the sign designates, which may be called the referent of the sign, also
what I should like to call the sense of the sign, wherein the mode of presentation
is contained.”
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Sense

“In our example, accordingly, the referent of the expressions ‘the point of
intersection of a and b’ [X] and ‘the point of intersection of b and c ’ [Y] would be
the same, but not their sense. The referent of ‘Evening Star’ would be the same
as that of ‘Morning Star’, but not the sense.”
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Sign, sense, and referent

“The regular connection between a sign, its sense and its referent is of such a
kind that to the sign there corresponds a definite sense and to that in turn a
definite referent, while to a given referent (an object) there does not belong only
a single sign.”
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Fregean Picture
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What is sense?
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Frege on sense

Sense reflects cognitive significance

Senses are modes of presentation

Sense determines reference

Sense is linguistic meaning (?)

Senses can lack referents

Senses are public
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Sense and cognitive significance

Sense is constitutively tied to cognitive significance

‘a’ and ‘b’ have different senses if and only if ‘a=b’ is cognitively
significant

‘a=b’ is cognitively significant if and only if a rational agent, who
understands the terms involved, could doubt that ‘a=b’ is true

‘a’ and ‘b’ have different senses if and only if a rational agent,
who grasps the senses involved, could doubt that ‘a=b’ is true
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Modes of presentation

Sense are modes of presentation

‘X’ and ‘Y’ determine the same point in different ways

‘X’ presents the centriod as the intersection of a and b; ‘Y’ presents it
as the intersection of b and c

‘the Morning Star’ and ‘the Evening Star’ present their referents in a
different manner

senses are routes to referents (“modes of determination”)
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Sense determines reference

“to the sign there corresponds a definite sense and to that in turn a
definite referent”

Senses are modes of determination

Senses provide a condition that something must meet to be the
referent of a term

the referent of ‘the Evening Star’ is whatever object happens to be the
first and brightest celestial body visible in the evening sky

If two expressions have the same sense then they have the same
referent
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Sense is linguistic meaning (?)

”The sense of a [term] is grasped by everyone who is sufficiently
familiar with the language”

To understand an expression is to know its meaning

One can understand two expressions without knowing that they have
the same referent

Can understand the term ‘the author of Waverley’ without knowing
who it refers to

To understand an expression is to know its sense
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Sense without reference

“...every grammatically well-formed expression figuring as a [singular
term] always has a sense. But this is not to say that to the sense
there also corresponds a referent.”

“the celestial body most distant from the earth”
“the largest prime number”
“the king of France”
“Odysseus”
“Pegasus”
“Sherlock Holmes”
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Senses are public: not linguistic

“The same sense has different expressions in different languages or
even the same language”

‘der Abendstern’ and ‘the Evening Star’

‘der Autor von Waverley’ and ‘the author of Waverley’

‘Julius’ and ‘the inventor of the zipper’
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Senses are public: not mental

“the referent and sense of a sign are to be distinguished from the
associated idea”

“If the referent of a sign is an object perceivable by the senses, my idea of it is an
internal image, arising from memories of sense impressions which I have
had...Such an idea is often imbued with feeling...The same sense is not always
connected, even in the same man, with the same idea. The idea is subjective: one
man’s idea is not that of another...A painter, a horseman, and a zoologist will
probably connect different ideas with the name ‘Bucephalus’. This constitutes an
essential distinction between the idea and the sign’s sense, which may be the
common property of many people, and so is not a part or mode of the individual
mind. For one can hardly deny that mankind has a common store of thoughts
which is transmitted from one generation to another.”
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The telescope analogy

“The following analogy will perhaps clarify these relationships. Somebody
observes the Moon through a telescope. I compare the Moon itself to the
referent; it is the object of the observation, mediated by the real image projected
by the object glass in the interior of the telescope, and by the retinal image of the
observer. The former I compare to the sense, the latter is like the idea”

48 / 63

48 / 63



The telescope analogy

“The following analogy will perhaps clarify these relationships. Somebody
observes the Moon through a telescope. I compare the Moon itself to the
referent; it is the object of the observation, mediated by the real image projected
by the object glass in the interior of the telescope, and by the retinal image of the
observer. The former I compare to the sense, the latter is like the idea”

49 / 63

49 / 63



The telescope analogy

“The following analogy will perhaps clarify these relationships. Somebody
observes the Moon through a telescope. I compare the Moon itself to the
referent; it is the object of the observation, mediated by the real image projected
by the object glass in the interior of the telescope, and by the retinal image of the
observer. The former I compare to the sense, the latter is like the idea”

50 / 63

50 / 63



The telescope analogy

“The following analogy will perhaps clarify these relationships. Somebody
observes the Moon through a telescope. I compare the Moon itself to the
referent; it is the object of the observation, mediated by the real image projected
by the object glass in the interior of the telescope, and by the retinal image of the
observer. The former I compare to the sense, the latter is like the idea”

51 / 63

51 / 63



52 / 63

52 / 63



53 / 63

53 / 63



Platonism and the third realm

“...[senses] are neither things in the external world nor ideas. A third realm must
be recognized” (Frege, 1919, “The Thought”)

• Platonism: there exist such things as abstract objects, which are
objects that are both non-physical and non-mental.
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The sense of a sentence

(1) The Morning Star is the Morning Star

(2) The Morning Star is the Evening Star

Someone may think that (1) says something true, but thinking that
(2) says something false

So the thought associated with (1) and (2) must be different

The sense of a sentence is a thought

“der Gedanke”, “proposition”

“By a thought I understand not the subjective performance of thinking but its
objective content...”
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The referent of a sentence

“We are...driven into accepting the truth value of a sentence as constituting its
reference. By the truth value of a sentence I understand the circumstance that it
is true or false. There are no further truth values. For brevity I call the one the
True, the other the False ... Every assertoric sentence...is to be regarded as a
proper name, and its referent, if it has one, is either the True or the False.”
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Leibniz’s law

“Eadem sunt, quorum unum potest substitui alteri salva veritate”

“That a is the same as b means that one can be substituted for the other in any
proposition without loss of truth” [Leibniz 1686]

Leibniz’s law: If ‘a’ and ‘b’ are co-referential, then the sentence ‘Fa’ is true
if and only if the sentence ‘Fb’ is true (where ‘Fb’ is the result of uniformly
substituting ‘b’ for ‘a’ in ‘Fa’).
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Referential dependency

“If we now replace one word of the sentence by another having the same
reference, but a different sense, this can have no bearing on the reference of the
sentence” [Frege 1892]

(1) Superman can fly.

(2) Clark Kent can fly.
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Sub-sentences

“The supposition that the truth-value of a sentence is its referent shall now be
put to a further test. We have found that the truth-value of a sentence remains
unchanged when an expression in it is replaced by another with the same referent:
but we have not yet considered the case in which the expression to be replaced is
itself a sentence...We are thus led to consider subordinate sentences or clauses.”
[Frege 1892]

“Plato studied under Socrates and Aristotle studied under Plato”

“Plato studied under Socrates and Hume was born in Edinburgh”
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(1) Thales believes that the Morning Star is the Morning Star.

(2) Thales believes that the Morning Star is the Evening Star.

(3) Louis thinks that Superman can fly.

(4) Louis thinks that Clark can fly.
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Doctrine of indirect reference

“The case of an abstract noun clause, introduced by ‘that’, includes the case of
indirect speech, in which...the words...have their indirect referent, coincident with
what is customarily their sense” [Frege 1892]

Doctrine of indirect reference: When embedded under a propositional
attitude verb (‘believes’, ‘hopes’, ‘thinks’, ‘knows’, etc.) the reference of a
sentence shifts from its customary reference to its customary sense.
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Doctrine of indirect reference

‘Louis thinks that Superman can fly’ is true iff Louis stands in the
belief relation to the thought associated with ‘Superman can fly’.

‘Louis thinks that Clark can fly’ is true iff Louis stands in the belief
relation to the thought associated with ‘Clark can fly’.
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